This paper complements a new lattice formulation of SU(2) Yang-Mills theory written in terms of new variables in a compact form proposed in the previous paper. The new variables used in the formulation were once called the ChoFaddeev-Niemi or Cho-Faddeev-Niemi-Shabanov decomposition. Our formulation enables us to explain the infrared "Abelian" dominance, in addition to magnetic monopole dominance shown in the previous paper, in the gauge invariant way without relying on the specific gauge fixing called the maximal Abelian gauge used in the conventional investigations. In this paper, especially, we demonstrate by numerical simulations that gluon degrees of freedom other than the "Abelian" part acquire the mass to be decoupled in the low-energy region leading to the infrared Abelian dominance.
Introduction
The dual superconductivity in Yang-Mills vacuum [1] is believed to be a promising mechanism [2] for quark confinement. For this picture to be valid, it is supposed that one can extract the relevant Abelian component responsible for duality from nonAbelian gauge theory, i.e., Yang-Mills theory, since the duality is understood as the electric-magnetic dual in the Abelian gauge theory represented by the Maxwell theory. Therefore, it is important to give a prescription to extract a variable playing the role of such an Abelian part from the original non-Abelian gauge theory in some sense. However, such a variable is not necessarily the Abelian gauge field in its appearance. To emphasize this situation, we use double quotation marks as "Abelian".
In the previous paper [3] , we have proposed a formulation of Yang-Mills theory on a lattice in a compact form (say, compact lattice formulation). The compact lattice formulation was constructed so that it reduces in the (naive) continuum limit to the formulation of Yang-Mills theory written in terms of new variables obtained through non-linear change of variables (NLCV) from the original gauge field [4] . The NLCV generates the new variables which have the same form as the Cho-Faddeev-Niemi (CFN) or Cho-Faddeev-Niemi-Shabanov (CFNS) decomposition [5, 6, 7] .
Prior to the compact lattice formulation, we have already given another lattice formulation in a non-compact form (referred to as the non-compact lattice formulation hereafter) [8] . The non-compact lattice formulation enabled one to define the magnetic monopole in the gauge invariant way in Yang-Mills theory on a lattice without introducing fundamental scalar fields. This is a remarkable result, since the conventional approach of defining the magnetic monopole in Yang-Mills theory without fundamental scalar fields heavily relies on a specific choice of gauge fixing, the so-called the maximal Abelian gauge (MAG) [9] , which breaks the color symmetry explicitly in addition to the local gauge symmetry. The gauge-invariant magnetic monopole in pure Yang-Mills theory has been constructed by introducing the unit vector field based on NLCV which plays the role of recovering color symmetry broken by a specific choice of color direction according to a Cartan decomposition in MAG. However, the magnetic charge resulting from the magnetic monopole defined in this way is not integer-valued in the non-compact formulation.
This drawback was remedied by the subsequent compact formulation [3] which guarantees that the magnetic charge is integer-valued and obeys the Dirac quantisation condition. Moreover, the infrared "Abelian" dominance and magnetic monopole dominance in the string tension were demonstrated by numerical simulations in the compact formulation, although such phenomena were found for the first time in the MAG [10, 11, 12, 13] . These results strongly support the dual superconductor picture of QCD vacuum as a promising mechanism of quark confinement. However, what is the mechanism for the infrared "Abelian" dominance or magnetic monopole dominance is an unanswered question in this investigation. From a theoretical point of view [14] , on the other hand, it was clarified which variables should be identified with the "Abelian"part V µ which is responsible for quark confinement within the continuum formulation [4] so that the variable V µ gives the dominant contribution to the string tension to be calculated from the Wilson loop average (infrared "Abelian" dominance). This means that the remaining variable X µ = A µ − V µ decouples in the low-energy or long-distance region to become irrelevant for the string tension, once such an identification of the "Abelian" part V µ is achieved.
µ for the remaining field X µ without breaking the local gauge invariance. Therefore, the dynamical mass generation for X µ is not prohibited in this formulation. If such gluon mass for X µ is generated, it could be a mechanism for infrared "Abelian" dominance as pointed out in [14] . The dynamical generation of the gluon mass for X µ yields the decoupling of these degrees of freedom in the low-energy region leaving the "Abelian" part V µ as the low-energy modes relevant to quark confinement. To confirm this scenario for dynamical Abelian projection is a main motivation of this paper. For MAG, mass generation was so far reported for the off-diagonal gluon component [15] . In this paper, we have measured the mass for the gluon X µ directly by numerical simulations based on our lattice formulation [3] . In this paper, moreover, we discuss in detail how to define the lattice variable corresponding especially to the remaining part X µ in the compact lattice formulation to obtain the continuum counterparts to the errors of lattice spacing ǫ. Preliminary results have already been reported in [16] . Finally, it is worth mentioning that the gauge invariance of the Abelian confinement mechanism was also discussed recently in many publications by other group, e.g., [17] .
Compact formulation
In order to consider a compact lattice version for the new formulation of Yang-Mills theory, we recall the continuum formulation presented in [4] . In the continuum formulation [5, 4] , we have introduced a color vector field n(x) = (n A (x)) (A = 1, 2, 3) of a unit length, i.e., n(x) · n(x) := n A (x)n A (x) = 1. In what follows, we use the arrow to denote the vector and use the boldface letter to express the Lie-algebra su(2)-valued field, e.g., n(x) := n A (x)T A with generators of su(2), T A = 
in such a way that the color vector field n(x) is covariantly constant in the background field V µ (x):
and that the remaining field X µ (x) is perpendicular to n(x):
Here we have introduced the gauge coupling g and we have adopted the normalization for generators:
and A µ (x) are real-valued fields and their Lie-algebra forms are Hermitian due to Hermiticity of the generators T A . By solving the defining equation (2) , the V µ (x) field is obtained in the form:
where the second term
can not be determined uniquely from the defining equation (2) . Imposing the perpendicular condition (3) determines V µ (x) and the remaining part X µ (x) as
It is easy to check that the sum of V µ (x) and X µ (x) specified respectively by (4) and (5) agrees with the original field A µ (x) according to (1) . On a lattice, on the other hand, we introduce the site variable n x constructed according to [8] , in addition to the original link variable U x,µ . Note that we define a color vector field n x := n A x σ A on the lattice corresponding to the continuum notation n(x) := n A (x)T A . In this paper, we define the link variable U x,µ as the exponential of the line integral of a gauge potential A µ (x) along a link from x to x + µ:
where ǫ denotes the lattice spacing and P denotes the path ordering. In the explicit estimation of the naive continuum limit, we adopt in this paper the mid-point definition for the link variable:
using the midpoint x ′ := (x + ǫµ/2, µ) of the link (x, x + ǫµ) running from x to x + ǫµ. This prescription is adopted to suppress as much as possible lattice artifacts coming from a finite (nonzero) lattice spacing, in contrast to our previous paper [3] where we have adopted the very naive definition:
The link variable U x,µ and the site variable n x transform under the gauge transformation II [4] as
Note that n x is Hermitian, n † x = n x , and U x,µ is unitary, U †
x,µ . It should be remarked that this transformation property follows from the most general form (6) for the link variable U x,µ , irrespective of the prescription for the discrete lattice approximation.
The lattice variables V x,µ and X x,µ corresponding to V µ (x) and X µ (x) should be expressed in terms of the site variable n x and the original link variable U x,µ , just as the continuum variables V µ (x) and X µ (x) are expressed in terms of n(x) and A µ (x), However, the definition of lattice variables V x,µ and X x,µ is not unique. They must be defined in a consistent way with the defining equation on a lattice respecting the transformation property. We achieve this by solving a lattice version [3] of (2) and (3):
tr(n x X x,µ ) = 0.
The defining equation must be invariant under the gauge transformation, namely, they are form-invariant:
We identify the lattice variable V x,µ with a link variable which transforms in the same way as the original link variable U x,µ :
This requirement guarantees that the defining equation (9) is gauge invariant. On the other hand, we define the lattice variable X x,µ so that it transforms in just the same way as the site variable n x :
to realize the adjoint color rotation at the site suggested from the transformation property of the continuum variable. By this choice, indeed, the orthogonality condition (10) is kept gauge invariant. Explicit construction of the new lattice variables are as follows. We define V x,µ as a link variable which is a group element of G = SU(2) related to the su(2)-valued background field V µ (x) through
In the mid-point definition the link variable V x,µ reads
where
is to be identified with the continuum variable V µ (x) defined by (4) in the continuum limit. Hence V x,µ must be unitary V †
x,µ . The same remark as the the link variable U x,µ for the naive continuum limit holds also for the link variable V x,µ . In the previous paper [3] , the lattice version (9) of the defining equation (2) has been solved and the resulting link variable V x,µ is of the form (up to the normalization) [18] :
and the unitary link variable V x,µ [U, n] has been obtained after the normalization:
Indeed, the naive continuum limit ǫ → 0 of the link variable (16) reduces to the continuum expression (4). A naive choice for the lattice variable X x,µ is given by
In fact, they satisfy the desired transformation property (12) . Note that V † x,µ U x,µ or U x−µ,µ V † x−µ,µ is excluded, since it obeys the adjoint rotation at x + µ or x − µ, not at x. Then we can construct a lattice variable X x,µ as the linear combination:
to satisfy the desired transformation property (12) . Now we can see that it is reasonable to adopt (10) as a lattice version of the orthogonality equation (3) . In fact, tr(n x X µ (x)) = 0 implies (See Appendix for the derivation of (18))
. (18) In this way, the lattice variables X x,µ is expressed in terms of the site variable n x and the original link variable U x,µ as
In particular, a good choice is obtained for the symmetric case, i.e., α = β, since this choice enables us to define the lattice variable X x,µ so as to reproduce the naive continuum limit of the orthogonality equation up to O(ǫ 3 ). Finally, we obtain the unitary lattice variableX x,µ [U, n] after the normalization:
In the numerical simulations, we have adopted the choice α = β by the reason mentioned above. Moreover, there are some arbitrariness for extracting the Lie-algebra valued variable X µ from the compact lattice variableX x,µ [U, n]. This issue will be examined by comparing the results of numerical simulations.
3 Abelian dominance and gluon mass generation 3.1 Identifying the Abelian part and mass term for the remaining part
The V µ field can be regarded as the "Abelian" part in the reformulated Yang-Mills theory by the following reasons.
i) The "Abelian" part V iii) The mass term for X A µ can be introduced without breaking gauge invariance in this reformulation [4] . In fact, it has been shown to one-loop order [14] that such an effective mass term is generated due to the gauge-invariant dimension two condensate X 
2 which is not gauge-invariant.
Therefore, in the energy region lower than the mass M X of the field X µ , the remaining components X µ should decouple or negligible and the V µ field could be dominant. This leads to the infrared Abelian dominance (in the string tension) in our reformulation.
Keeping
An additional quadratic term in X µ of the following type could be generated from gauge fixing conditions in the differential form [4] .
This can be understood as follows. Recall that we impose an constraint called the new Maximal Abelian gauge (nMAG) to obtain the reformulated Yang-Mills theory with the original gauge symmetry SU(2) even after introducing the color field n(x) which apparently increases gauge degrees of freedom [4] . Then we introduce a gaugefixing parameter α for nMAG of the form:
This term does not fix the SU(2) gauge invariance. Therefore, we adopt the Landau gauge for the overall gauge fixing of A A µ whose differential form is ∂ µ A A µ = 0. This gives an additional quadratic term:
Therefore, combining two terms yields an additional term quadratic in X
Thus we assume the effective propagator for X gluon of the form:
In particular, the limit β → ∞ reproduces the Proca case:
This form was adopted in the study of off-diagonal gluon mass generation in MAG [15] where the mass term
µ was introduced by hand without preserving the gauge invariance. Note that both nMAG and Landau gauge conditions are exactly satisfied only at α = 0 and α ′ = 0. This is realized at β = 0 limit:
Therefore, the β = 0 limit differs from the previous Proca case used in MAG. However, it will turn out below that the constant shift of the propagator gives the same decay rate and hence the same mass M X of X µ gluon.
Numerical simulations
We have generated configurations of link variables {U x,µ } based on the standard heat bath method for the standard Wilson action. The numerical simulation are performed at β = 2.3, 2.4 on 24 4 lattice, at β = 2.3, 2.4, 2.5 on 32 4 lattice, at β = 2.4, 2.5, 2.6 on 36 4 lattice, and at β = 2.4, 2.5, 2.6 on 48 4 lattice by thermalizing 15000 sweeps. ( Here 200 configurations are stored every 300 sweeps. Other settings of numerical simulations are the same as those in the previous paper [3] .
We are now ready to study characteristic features of the reformulated Yang-Mills theory written in terms of new variables n A (x), c µ (x), X A µ (x) defined through NLCV of the original field variable A A µ (x): infrared Abelian dominance, magnetic monopole dominance and non-vanishing gluon mass. Among them, the magnetic monopole dominance in the string tension has already been confirmed in the previous paper [3] using the gauge-invariant magnetic monopole which is guaranteed to have integervalued magnetic charge subject to the Dirac quantization condition according to our construction of magnetic current based on NLCV.
1 An advantage of our formulation is that we can confirm such characteristic features for any choice of gauge fixing, not restricted to MAG, since our formulation allows us to take arbitrary type of gauge fixing for the original variable A A µ (x). To study the infrared Abelian dominance and the gluon mass generation in the reformulated Yang-Mills theory, we first define the two-point correlation functions (full propagators) for the independent variables in the new formulation on a lattice, i.e., n A x , c x,µ and X A x,µ , in addition to the original variable A A x,µ . For simplicity, we examine just the contracted scalar-type propagator simplified by avoiding the complicated tensor structure:
and
1 The proposed NLCV enables one to extract the "Abelian part" V A x,µ irrespective of the choice of the gauge fixing preserving the color symmetry. The Yang-Mills theory in the conventional MAG is reproduced as a very special limit (21) of our reformulated Yang-Mills theory based on NLCV. Here the Lie-algebra valued gauge potential A x ′ ,µ or V x ′ ,µ is defined from the respective link variable by
For the variable X x,µ , on the other hand, we examined two options: one is extracted from decomposing the gauge potential (group-valued):
and the other is from the definition of the decomposition (Lie-algebra-valued):
The field c x ′ ,µ is defined by
The numerical results are presented in Fig. 1 . As is quickly observed from the left panel of Fig. 1 , D V V (x − y) and D AA (x − y) exhibit quite similar behaviors in the measured range of the Euclidean distance r = |x − y| := (x − y) 2 . In order to determine the physical scale, we have used the relationship between the (inverse) gauge coupling β and lattice spacing ǫ given in [19] 2 which is summarized in Table 1 . From the right panel of Fig. 1 ,
is dominant compared to D XX (x−y) which decreases more rapidly than other correlation functions in r. This implies the infrared "Abelian" dominance, provided that the components V As is seen from the left panel of Fig. 1 , a non-trivial mixed correlation function Fig. 1 demonstrates nice independence of our results against variations of the ultraviolet cutoff (the lattice spacing ǫ). The propagators calculated at the lattices with different ǫ follow the same curve if plotted in the physical units. These accurate plots provide an additional support that the results presented in this paper are definitely not lattice artifacts.
Note that we must impose the gauge fixing condition for the original variable A x ′ ,µ to obtain the correlation function. In our simulations, we have chosen the lattice Landau gauge (LLG) for the original field A A µ (x) for this purpose. Thus we have confirmed the infrared "Abelian" dominance with color symmetry being kept, since the Landau gauge keeps the color symmetry. This is one of our main results. The infrared Abelian dominance was so far obtained only for the MAG which breaks the color symmetry explicitly. As already mentioned, moreover, we can choose any other gauge and we can study using this formulation if the infrared "Abelian" dominance can be observed in any other gauge. We hope we can report the results in the other gauge in future investigations.
Next, we determine the gluon mass generated in the non-perturbative way by examining the correlation functions in more detail. The gauge boson propagator D 
Then the scalar-type propagator
as a function of r should behave for large M X r as (See [15] for details of the integral calculation.)
Therefore, the scaled propagator r 3/2 D XX (r) should be proportional to exp(−M X r) for M X r ≫ 1 with M being the damping rate of r 3/2 D XX (r). In other words, the mass M X of the gauge field X µ can be estimated from the slope in the logarithmic plot of the scaled propagator r 3/2 D XX (r) as a function of r. . Therefore, we can use either definition of the lattice variable X x ′ ,µ to obtain D X ′ X ′ (x − y) in the consistent manner. In Fig. 3 , the measured values for the gluon mass are plotted as the function of the inverse lattice volume 1/V in the physical unit, to study the finite-size effect on the mass. The finite lattice-size effect seems to be small for the gluon mass M X . Here the error bars originate from the fitting procedure for obtaining the slope, but no systematic errors such as finite-volume are included. In this way, we have estimated the mass for the X gluon:
Even after the whole gauge fixing, our formulation preserves color symmetry in sharp contrast to the conventional MA gauge. In view of the fact that our reformulated Yang-Mills theory reproduces the Yang-Mills theory in MA gauge as a special limit, the remaining part X A µ (x) could correspond to the off-diagonal part in this limit. From this point of view, our result is consistent with the result obtained for the off-diagonal gluon mass in MAG [15] .
Moreover, we have simultaneously estimated the decay rate for the new fields Fig. 3 indicates not so small finite volume effect for data of 1/V > 0.02. Using the data of 1/V < 0.02, therefore, we have estimated the decay rate (or "mass") as
The decay rate M c obtained from the correlation function of c µ (x) field is slightly larger than that expected from the result in MAG. It should be remarked that the decay rate for the correlation function of n A (x) field is extracted according to the fitting function n A (x)n A (y) ∼ exp(−M n r) which is not yet justified from the theoretical consideration. This might be an origin of the large value of M n . More simulations on the larger lattice are expected to eliminate finite volume effect for these values. However, we have no argument for guaranteeing the gauge invariance of these values or for identifying these values with their "masses". In fact, the field c µ (x) is not gauge invariant. These issues will be checked in further investigations based on our reformulation.
Finally, we comment on the "Abelian"part V A µ (x), since our treatment of the "Abelian"part V A µ (x) is different from the conventional approach based on MAG. The above result yields the "mass" of the "Abelian"part V A µ (x) : M V ≃ M A ≃ 0.59GeV . This value is nearly equal to that of the diagonal gluon mass obtained by imposing the Landau gauge in the conventional approach as reported in the second paper of [15] where the Landau gauge was imposed on the Abelian diagonal part a µ (x) in addition to the MAG for off-diagonal gluon field A a µ (x) defined by the Cartan decomposition A µ (x) = A a µ (x)T a + a µ (x)T 3 (a = 1, 2). Therefore, the prescription of gauge fixing in [15] is different from ours.
Conclusion and discussion
In this paper we have developed a compact lattice formulation of SU(2) Yang-Mills theory proposed in the previous paper [3] as the lattice version of the NLCV which was once called the CFN or CFNS decomposition. This resolves all drawbacks of the previous non-compact lattice formulation of our own [8] . 4 This compact formulation has enabled one to define the gauge-invariant magnetic monopole with the magnetic charge subject to Dirac quantisation condition and to extract the "Abelian" part V µ (x) yielding the infrared "Abelian" dominance in the string tension for any choice of the gauge fixing for the original gauge field A µ (x) in the original YM theory.
In order to confirm the dynamical mass generation for the remaining part X µ (x) as a mechanism for the infrared "Abelian" dominance, we have measured the two-point correlation function (the full propagator in real space) in our lattice formulation by imposing LLG for the original gauge field A µ (x) as the whole gauge fixing. We have found the infrared "Abelian" dominance in the sense that the X µ (x) propagator is suppressed in the long distance compared to n(x) and c µ (x) (and V µ (x) propagators as an immediate consequence of dynamically generated mass M X = 1.2 ∼ 1.3 GeV for X µ (x) (which is larger than the decay rate of other gluon field propagators).
Even after the whole gauge fixing, our formulation can preserve color symmetry by choosing the gauge-fixing condition which does not break color symmetry, e.g., Landau gauge. This opens a path to examine color confinement in the same framework as quark confinement in the dual superconductivity picture. This feature is in sharp contrast to the conventional MA gauge breaking color symmetry, although our formulation reproduces the MA gauge as a special limit (21). It is important to demonstrate explicitly the gauge-fixing independence of our results obtained in this paper for establishing the gauge-invariant mechanism for quark confinement.
